
Descriptive Set Theory
Lecture 4

Poop . For a pruned tree T on A
,
It is a-pad if I only if Ti,

finitely - branching.
Proof

.

⇒ .
Done

.

⇐ (Jenna Zo-back) . let U be an open lever of IT] at
T

/ suppose hruards a contradiction tht $ finite schooner
.

We call set heavy if [Ts] cannot be covered hg
☒ a finite subset of U

,
here Ts := / 1-c-T : 1- ≤ sort≥s}.

11/1 This
, we

know tht ∅ is heavy . Then one of the

extensions of ∅ must be heavy / finite union of
finite refs is finite) I we continue

, finding an
branch ✗ C- [T) with the property tht [Tan]
cachet be covered by a finite subset of U for

cuh u
. But U covers IT) so FUEU with

✗ c-U
.
But then for a large eh ugh u , ltxiu]≤U,

a wctracdictiou .

In particular, 2
"

is compact . Also
,

IN
"V

is not compact.
In fact

,
INN is hot even 5-compact / i. e. cfbl union of •apart,



unlike IR
"

.

Prop. 1N
""

is het 0- compact .
Proof

.

let ✗ c- IN
'"

be a & - compact saket al we aim to find
yc.IN

'N tht is not in X
.
Nok tht ✗ =

,µ
[Tu]

,
where

emh Tn is a finitely - branching pruned tree.
For Hye IN

"V

,
we say that y douinctes ( resp . eventually

dominates ) ✗
,
if Hu ✗ (a) ≤ glu) (resp . Vin

,
✗ (a)≤glad

.

( th means for all bat finitely mang , i.e .

Fuku ≥N
. )

(79 means for infinitely many , i.
e.HN 7h≥N . )

By finite branding , each [Tu) is dominated by an ✗a

d-Tn] . By diagonalitalian, we get a g
c- IN

"V

eventually
dominating every

✗
u
, namely ,

for each i c- IN
,

let yli) := max 4 ✗
◦ lil , × , lil , ✗Iit, . . ., ✗ i lit} . Indeed,

y eventually dominates every ✗
+
bemuse Visit

,

gli) ≥ ✗Hit .

Thus
, y KX .

The following dichotomy shows tht IN
"✓
is the non-r- compact space:

Hurwitz's dichotomy . Every Polish space
✗ is either r- corporator

✗ has a closed subset homeomorphic to IN 'N
.

'



Monotone maps
and continuous functions

.

We will learn how to

build continuous functions Is ] → IT]
,
where S

,
T are trees

,

and we will see that all continuous functions are built this way .

ht SIT he trees on alphabets A , B, resp . Call a
map

6 :S → T

monotone if for all Tyr, c- S , T ≤ ↑ ⇒ 61$ ≤ UH
,

SA - - - →AT and 4101--0 .

ANN let D;- { ✗ c- Is ] : 191×41 → • as ma}
.✗

-

-

- - →

#µ, thus
,
6 induces a function

/ HEH
- →¥4M Yt : De → IT]

✗ ↳ µ 41×1a)

Theorem
. (a) For any monotone 4 :S → T

,
Die is a Gr

subset of [ s] , and 4ᵗʰ is continuous .

(b) All continuous maps from Gr subsets
of ( s) to IT] arise in this fashion

.

Proof
. (b) is left for you .

(a) To see tht Doe i , Gr, we
ate tht ¥1s]

,

✗c-De <⇒ flew 3- n c- IN 161×141 > l .

T.pe#T



Note { ✗ c- IS} : 141×141 > l } is a doper
sit here membership in it depends ab
ou first u coordinates . In C- IN is the same

as the,µ and KLEIN is the sane as A .

LEIN

As a quick application , we consider retractions
.

A closed subset

C of a topol. space ✗ is called a retract of ✗ if
✗ 7 continuous 1T : ✗ →C i.t.IT/c--idc . This nap

IT is called a retraction of ✗ onto C.

lol
.
For any alphabet A

,
aid closed subset C≤ A " is a

retract of A "V
.

In particular , for closed sets C. c-G
,

G is a retract at G.
Proof

. ht G- [ 5) for some pruned tree S
a A.

4*-1!! We define 4 : A
""
→ s as follows:

.
.

.

.

4101--0 . let • c- A
"" sit

. left is defined

%••NHl , but aka) isn't defied get . Ifrac-S.li#HYloal:--ra
.
Otherwise

, using tht o is pruned,
is] A

""
take any be A sit

.

41dB c- S . Put 91rad :=
= 410)b .



Luzia at Cantor schemes
. A Luzia scheme in a top . SpaceX

is a sequence (4) se ,µaN of subsets of ✗
such tht

14 Xs ≤ Xt if t ≥s ,
V-s.tt IN

"N
.

④ ✗san ✗sb=∅ V- SEIN
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I a-tbc.IN
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If ✗ is a metric space with a metric d
,
the we'd say

tht the scheu has vanishing diameter if b- ✗ c- IN
'N
,

diamlxxln) → 0 as a - &
.

A scheme with vanishing diameter induces a function

f :D → ✗
,
here D: -_ 4 ✗ C- INN : A ✗

*it ∅ }
.

✗ to the unique element of 1 ✗× ,? ( by vanishing diam.) .

If instead we have (Xs )sez4N ,
then we call it a

Cantor scheme
.



Properties of Latin schemes
.

let (As)seµ4N a latch scheme

of vanishing diameter in a metric space IX. d) ,
I let f :D → ✗ be the induced map.

(a) f- is injective at continuous
.

(b) If As = UAsn V-sc.INT then f- is surjective .
NEIN

(c) If As is open
for each self

'"
then f- is open .

(d) If d is complete al Asi c- As U-sc.IN
"" I hHN

,
then

D is closed
.

In fact
,

✗ & D <⇒ Fu A ✗ in =∅ .

In particular
,
if all As ≠∅ ,

then D= INN
.


